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Problem 3.14

(a) Prove the following commutator identities:[
Â+ B̂, Ĉ

]
=

[
Â, Ĉ

]
+
[
B̂, Ĉ

]
, (3.64)[

ÂB̂, Ĉ
]
= Â

[
B̂, Ĉ

]
+

[
Â, Ĉ

]
B̂. (3.65)

(b) Show that
[xn, p̂] = iℏnxn−1.

(c) Show more generally that

[f(x), p̂] = iℏ
df

dx
, (3.66)

for any function f(x) that admits a Taylor series expansion.

(d) Show that for the simple harmonic oscillator[
Ĥ, â±

]
= ±ℏωâ±. (3.67)

Hint: Use Equation 2.54.

Solution

In order to prove these commutator identities, use the test function F (x).

Part (a)

Prove Equation 3.64 first.[
Â+ B̂, Ĉ

]
F (x) =

[
(Â+ B̂)Ĉ − Ĉ(Â+ B̂)

]
F (x)

=
(
ÂĈ + B̂Ĉ − ĈÂ− ĈB̂

)
F (x)

=
[
(ÂĈ − ĈÂ) + (B̂Ĉ − ĈB̂)

]
F (x)

=
{[

Â, Ĉ
]
+
[
B̂, Ĉ

]}
F (x)

Therefore, [
Â+ B̂, Ĉ

]
=

[
Â, Ĉ

]
+
[
B̂, Ĉ

]
.
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Now prove Equation 3.65.{
Â
[
B̂, Ĉ

]
+
[
Â, Ĉ

]
B̂
}
F (x) =

[
Â(B̂Ĉ − ĈB̂) + (ÂĈ − ĈÂ)B̂

]
F (x)

=

(
ÂB̂Ĉ −�

��
ÂĈB̂ +�

��
ÂĈB̂ − ĈÂB̂

)
F (x)

=
[
(ÂB̂)Ĉ − Ĉ(ÂB̂)

]
F (x)

=
[
ÂB̂, Ĉ

]
F (x)

Therefore, [
ÂB̂, Ĉ

]
= Â

[
B̂, Ĉ

]
+

[
Â, Ĉ

]
B̂.

Part (b)

[xn, p̂]F (x) =

[
xn,−iℏ

d

dx

]
F (x)

=

[
xn

(
−iℏ

d

dx

)
−
(
−iℏ

d

dx

)
xn

]
F (x)

= xn
(
−iℏ

d

dx

)
F (x)−

(
−iℏ

d

dx

)
xnF (x)

= −iℏxn
d

dx
[F (x)] + iℏ

d

dx
[xnF (x)]

= −iℏxn
dF

dx
+ iℏ

[
nxn−1F (x) + xn

dF

dx

]
= −

�
����

iℏxn
dF

dx
+ iℏnxn−1F (x) +

�
����

iℏxn
dF

dx

= iℏnxn−1F (x)

Therefore,
[xn, p̂] = iℏnxn−1.
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Part (c)

A function f(x) that has a Taylor series expansion is infinitely differentiable, so df/dx exists.

[f(x), p̂] =

[
f(x),−iℏ

d

dx

]
F (x)

=

[
f(x)

(
−iℏ

d

dx

)
−
(
−iℏ

d

dx

)
f(x)

]
F (x)

= f(x)

(
−iℏ

d

dx

)
F (x)−

(
−iℏ

d

dx

)
f(x)F (x)

= −iℏf(x)
d

dx
[F (x)] + iℏ

d

dx
[f(x)F (x)]

= −iℏf(x)
dF

dx
+ iℏ

[
df

dx
F (x) + f(x)

dF

dx

]

= −
���

��
iℏf(x)

dF

dx
+ iℏ

df

dx
F (x) +

���
��

iℏf(x)
dF

dx

= iℏ
df

dx
F (x)

Therefore,

[f(x), p̂] = iℏ
df

dx
.

Part (d)

Evaluate the commutator for the simple harmonic oscillator, using Equation 2.54 for the
Hamiltonian operator.[

Ĥ, â±

]
F (x) =

[
ℏω

(
â−â+ − 1

2

)
, â±

]
F (x)

=

[
ℏω

(
â−â+ − 1

2

)
â± − â±ℏω

(
â−â+ − 1

2

)]
F (x)

=

[
ℏωâ−â+(â±)−

���
��1

2
ℏω(â±)− ℏωâ±(â−â+) +

���
��1

2
ℏω(â±)

]
F (x)

= ℏω [â−â+(â±)− â±(â−â+)]F (x)

Consider the plus and minus signs separately now and use the fact that
[â−, â+] = â−â+ − â+â− = 1.[

Ĥ, â−

]
F (x) = ℏω [â−â+(â−)− â−(â−â+)]F (x)

= ℏωâ−(â+â− − â−â+)F (x)

= ℏωâ−(−1)F (x)

= −ℏωâ−F (x)
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With the plus sign, â+ factors to the right.[
Ĥ, â+

]
F (x) = ℏω [â−â+(â+)− â+(â−â+)]F (x)

= ℏω(â−â+ − â+â−)â+F (x)

= ℏω(1)â+F (x)

= ℏωâ+F (x)

Therefore, [
Ĥ, â±

]
= ±ℏωâ±.
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